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Abstract 

Antiferromagnets (AFMs), in contrast to ferromagnets, show a nontrivial magnetic structure 
with zero net magnetization. However, they share a number of spintronic effects with ferromag¬ 
nets, including spin-pumping and spin transfer torques. Both phenomena stem from the coupled 
dynamics of free carriers and localized magnetic moments. In the present paper I study the adi¬ 
abatic dynamics of a spin-polarized electrons in a metallic AFM exhibiting a noncollinear 120° 
magnetic structure. I show that the slowly varying AFM spin texture produces a non-Abelian 
gauge potential related to the time/space gradients of the Neel vectors. Corresponding emergent 
electric and magnetic fields induce rotation of spin and influence the orbital dynamics of free elec¬ 
trons. I discuss both the possibility of a topological spin Hall effect in the vicinity of topological 
AFM solitons with nonzero curvature and rotation of the electron spin traveling through the AFM 
domain wall. 
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I. INTRODUCTION 


Metallic and semiconducting antiferromagnets (AFM) with high ordering (Neel) temper¬ 
ature are promising candidates for spintronic applications. Compared to their ferromag¬ 
netic counterparts, AFM-based devices show reduced critical currents for magnetization 
switching^ and can effectively operate at higher frequencies.^ According to theoretical pre¬ 
dictions, AFMs can also show the following current-induced phenomena typical for ferro- 
magnets: spin-transfer torques,spin pumping®, domain wall motion^’®, - but with much 
richer physics stemming from the nontrivial magnetic structure. 

However, the mechanisms responsible for the coupled dynamics of free electrons and lo¬ 
calized magnetic moments in AFMs are still not clear and thus recently became a matter of 
interest. For example, ferromagnets can work as spin polarizers due to exchange coupling 
between the localized spins (that contribute to macroscopic magnetization) and the spin of 
the conduction electron. In contrast, the AFMs have zero or vanishingly small magnetiza¬ 
tion. The symmetry properties of the Neel vector (AFM order parameter) differ from those 
of the spin vector and thus the polarization mechanism through sd-exchange is excluded. 
On the other hand, AFMs have a nontrivial magnetic structure which removes degeneracy 
of otherwise equivalent directions and/or planes and thus can affect spin dynamics of free 
electron. The nontrivial spintronic effects in AFMs are usually attributed the to sd-exchange 
and/or spin-orbit coupling. In homogeneous systems the spin-orbit interaction can induce 
polarization of the electric current which flows through the collinear AFM® or the anoma¬ 
lous Hall effect in noncollinear planar AFM.^®’^^ Exchange interaction itself can induce the 
topological Hall effect in the structure with the nonzero chirality^®’^^, e.g. in non-coplanar 
AFMs.i^’^® 

The sd-exchange also plays an important role in the magnetic textures which can produce 
Abelian^® and non-Abelian^^ gauge potentials for conduction electrons. Corresponding fields 
contribute to adiabatic spin-transfer torque and spin-pumping phenomena and thus could 
be experimentally detected. In particular, a /erromagnetic texture produces an effective 
spin-dependent U{1) gauge held for conduction electrons. This gauge held gives rise to 
ehective electrical and magnetic helds proportional to the macroscopic magnetization of 
the ferromagnet. An alternative point of view relates the emergent helds with the Berry 
phase accumulated by a free electron whose spin is aligned with the local macroscopic 
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magnetization.^® An analogous influence of the collinear antiferromagnetic texture on the 
dynamics of free carriers was recently predicted in Ref. 17 from semiclassical analysis of 
Berry phase. The Berry phase also strongly affects the semiclassical motion of electrons in 
chiral magnets with spin-orbit interaction and can even induce formation of skyrmions in 
these materials (’’driving force for formation”), as was recently demonstrated in Ref. 19. 

The present paper focuses on the dynamics of spin-polarized electrons in the gauge po¬ 
tentials produced by the space/time varying magnetic moments of a noncollinear AFM. The 
main idea is to demonstrate that the adiabatic dynamics of free electrons is intimately re¬ 
lated to the “dynamic” magnetization of AFM (no matter how complicated AFM structure 
is) and in this sense is similar to adiabatic dynamics of transport electrons in ferromagnets. 
Correspondingly, the curvature of a smooth distribution of AFM vectors generates effective 
electric and magnetic helds that affect, via sd-exchange coupling, the orbital motion of free 
electrons. I predict a possibility of topological spin Hall effect in noncollinear AFM textures 
that, in analogy with its ferromagnetic counterpart, originates from the sd-exchange. This 
effect can be used to generate spin-currents and probe the curvature of the AFM distri¬ 
bution. I demonstrate that an inhomogeneous AFM structure induces a rotation of the 
spin polarization (analog of Faraday effect). This effect can be an efficient tool for probing 
theAFM domain structure by electrical methods. 


II. MODEL AND FORMALISM 

As a prototype of a conductive antiferromagnet with noncollinear magnetic structure I 
consider the antiperovskite MnaXN (X=Ag, Zn, Ni, Ga) with cubic space group Pm3m (see 
Fig.l) and with the magnetic moments localized at Mn atoms.Alhough some authors^^^^® 
underline that strong hybridization around the Fermi level points to the itinerant nature 
of antiferromangetism in Mn-based antiperovskites, these substances could be effectively 
described by the Neel model of magnetic sublattices. 

The Mn-based perovskites combine the nontrivial triangular magnetic structure with the 
peculiar transport properties. The linear temperature dependence of the resistivity and 
strong hybridization of Mn-3d and N-2p electrons around the Fermi leveh^ suggests a metal¬ 
lic character of conductivity. However, conductivity and temperature coefficient of resistivity 
are much smaller than those of a typical metal.Hence, these compounds could be con- 
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Figure 1. (Color online) Unit cell (a) and F^^ magnetic structure (b) of antiperovskite MnaXN. 
Magnetic moments Si, S 2 and S 3 are localized at Mn atoms. 

sidered as bad metals with hopping character of conductivity. Resistivity measurements^® 
also indicate to a strong coupling between the magnetic structure and the transport prop¬ 
erties. In addition, suppressed sd scattering in the magnetic phase^® enables observation of 
the quantum phase effects. Thus, MnaXN compounds are generic materials for analysis of 
the Berry-phase effects in noncollinear AFMs. 

A. Magnetic structure formed by localized moments 

The localized magnetic moments (sublattice magnetizations) represented by three classi¬ 
cal vectors Sj, j = 1,2,3 form a non-collinear coplanar structure classified^®, depending on 
the material, as T®^ or Vectors make 120° angle with respect to each other. Thus, 

the total magnetization cancels within the plane. The ordering plane is defined by the plane 
normal n. Well below the Neel temperature |Sj| = S. 

Within the macroscopic approach a noncollinear AFM structure can be conveniently 
described by two mutually orthogonal AFM, or Neel, vectors Li T L 2 (|Li| = IL 2 I = S) 
that could be considered as a multicomponent order parameter: 

Li = X(2Si-S2-Ss).L2 = X(S2-Ss). (1) 

and the macroscopic magnetization vector 

M = (Si -|- S 2 -l- S 3 ). (2) 
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Figure 2. (Color online) Local frame generated by AFM vectors Li, L 2 , and vector n normal to 
the plane of spin ordering. 


From the symmetry point of view vectors (1) and (2) belong to different irreducible rep¬ 
resentations of the permutation group P 3 (corresponding to the exchange symmetry of the 
crystal). 

In the AFM ground state the macroscopic magnetization M = 0. Three orthogonal 
vectors Li T L2 T n generate a natural local frame for free spin (see Fig.2). 

In equilibrium homogeneous state the corresponding vectors are || [111], ||[Oil], 

and L®||[2ll]. In the texture (inhomogeneous state)the orientation of the sublattice mag¬ 
netizations can smoothly vary at the length-scale much greater than interatomic distances, 
thus, all the magnetic vectors Sj, Li, L 2 (t, r) are continuous functions of time and space. 

Strong exchange coupling locks the mutual orientation of localized moments even in the 
presence of relatively small external fields. However, under the action of these fields the 
whole structure can smoothly rotate with respect to some initial conhguration (labeled 
further with the subscript (0)). In the adiabatic approximation which we consider below, 
the large scale variation of localized moments is equivalent to solid-like rotation of vectors Sj 
(and, correspondingly, Li,L 2 ,n) and can be conveniently parametrized^^’^^ with the Gibbs’ 
vector ip (so-called Cayley-Gibbs-Rodrigues parametrization) as follows: 

'2 . . 2 


S, = ^icp)Sf = + 


if X + (p((p- 


( 3 ) 


1 - 1 - (^2 J X -|- 

Here 5 R( 9 ?) is the orthogonal rotation tensor, ip{t,r) = tan (0/2) N, where N(t, r) is 
the instant rotation axis, d{t, r) is the rotation angle and we treat all the parameters as 
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Figure 3. (Color online) Solid-like rotation of the magnetic structure. Angular velocity ft may 
result either from the time or space rotation of the AFM structure, as described in the text. 


continuous functions of space and time. 

Rotation of AFM moments plays an important role in the magnetic dynamics of localized 
spin. As it was pointed out by Andreev and Marchenko,a solid-like rotation of spins 
induces nonzero, “dynamic” magnetization of AFM, oc xflt {x is a tensor of magnetic 

susceptibility), which is proportional to the pseudovector fit of angular velocity, frequently 
referred to as macroscopic spin (see Fig.3): 

dt^p + ^p X dtp 


a = 2- 


-, dt'R{p) = fl^x^{p). 


( 4 ) 


1 + p"^ 

However, a free electron moving with velocity f/ (Z = x, ?/, z) in the slowly varying AFM 
texture should also “feel” the effective magnetization produced by space rotations of the 
AFM moments and described by the “space” angular velocity: 

di p + px dip 


fl, = 2 - 


-, di^ip) = QiX^ip). 


( 5 ) 


1 + p'^ 

Thus, in the continuous medium the dynamic magnetization of AFM seen by conduction 
electron is proportional to the angular velocity fl = fit + fliVi. 
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In what follows we consider the functions (p{t, r), fl{t, r) that describe the AFM texture 
as given, putting aside the problem of current-induced dynamics of localized spins. 


B. Effective Hamiltonian and band structure 

The transport properties of the system are described within the nearest-neighbor tight- 
bonding approximation validated by low carrier density^^ and high resistivity^^ of Mn-based 
antiperovskites. In our toy model we consider only those electrons that hop between Mn 
sites as they give the main contribution to the transport properties.Then the local 
Hamiltonian for the conduction electrons takes a form: 

H (r, t) = ^ £0 (k) a\^ajr + ^ 7 i/ (k) - Jsd ^ (t, r) (6) 

jr j^l^r 

where the hrst term in the r.h.s. describes the kinetic energy related with the crystal 
translational symmetry. Fermi-operators a^v and describe annihilation/creation of the 
electrons with the Bloch functions \uj) {{uk \ Uj) = and in the spin states |r) (r =t, i): 

|0) = \uj) |r) at different sublattices j = 1, 2, 3. In what follows we neglect the dispersion 
of £o (k) and set its value to zero. Coefficient 7 j 7 (k) = — is the hopping term 

between neighboring sites (connected with (5) that belong to different sublattices j and I (see 
Fig.4). Constant Jsd describes the exchange coupling between localized and free electrons 
(so-called sd-exchange), it can be either positive or negative, and without loss of generality 
we take Jsd > 0 . <t is the spin operator. 

The local band structure obtained by diagonalization of Hamiltonian ( 6 ) consists of six 
bands which, neglecting the sd-exchange, are pair-wise (spin-up and spin-down) degenerate. 
The exchange interaction gives rise to an additional splitting and mixing of bands. As 

sublattice sites 1, 2 and 3 are equivalent, 7i2(k) = 723(k) = 731 (k) = 7(k) < 0. In this case 

the band structure splits into four bands (ei < £2 < £3 < £ 4 ): 

£i(k) = 27 - JsdS, £2(k) = -7 - ^ J‘l^S‘^ + 972, 

£ 3 (k) = 27 - 1 - JsdS, £ 4 (k) = —7 -I- JgdS'^ + 97 ^. (7) 

The states in the bands £ 1,53 are nondegenerate, and those in bands £ 2 , £4 are double¬ 
degenerate. Corresponding eigen vectors (local spin quantization axis is parallel to Li) for 


7 



1 

1 


* . 
t ^ 

* # 



Figure 4. (Color online) Electron (e“) hopping between the magnetic sites. Different sites generate 
different quantization axes, due to 120° misalignment of local moments. Thus, the hopping electron 
is always in a superposition of spin-up and spin-down states. 


the lower bands £ 1,^2 are the following: 


1 ^ 1 ) 

'h2a) 




|mi) + -( 1 ^ 2 ) 


l« 3 )) 


o li) (1^2) + 1^3)) , 


Ihl) It) + \V2) It) , |^'2fe) = \V2) It) + Ihs) It) , 


( 8 ) 


where we have introdnced the following (non-normalized) combinations of the mntnally 
orthogonal Bloch fnnctions (see Appendix A for details): 


Ihi) 

\V2) 

Ihs) 

(hi I hi) 


- COS'D lUi)-;= 

3 ' 2VQ 


cos iIj -1- 3 sin'0) {\u 2 ) - I'Us)), 


-sin ( 1 ^ 2 ) + Ims)) , 


2 1 

-sinV'Iwi) - (sin 1 /^ + 3 cos- 0 ) (|m 2 ) - Ims)) 

(h 3 I h 3 ) = ^ (3 + sin 2 i/>), {r ]2 | 172 ) = ^ (1 - sin 2 i/>). 


( 9 ) 
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The effective parameter ifj depends on the relation between the sd-exchange and the hopping 
integral as follows: 


sin 2'ip 


37 


( 10 ) 


It is determined by the band structure and, like in the case of collinear AFM,^^ plays a 
crucial role in the adiabatic electron dynamics. It describes an overlap of the functions ( 9 ), 


(hi I hs) 


1 

4 


(1 + 3 sin 2 -^), 


( 11 ) 


and hence, the spin tunneling between different sites. 

Expressions for the eigen functions Id's), |'I'4a,b) corresponding to the upper bands £3,64, 
are analogous to those for | 4 /i), with substitution tjj —)■ —ip, 

Rather complicated (compared to the case of collinear AFM) structure of the eigen¬ 
functions | 4 /j) is due to noncollinearity of neighboring localized moments. As a result, a 
free electron polarized along, say. Si direction is, after hopping, always in a superposition 
of spin states with respect to the new host’s quantization axis (see Fig. 4 ). It is instructive 
to analyze the energy spectrum with account of average spin s = (<t) of the corresponding 
eigen state (hereafter we use the convention h = 1). As it was already mentioned, in the 
AFM ground state the magnetization of localized spins M = 0 and one can anticipate that 
the ground state of conduction electrons is a spin-less. It can be easily checked from (8) that 
the lowest energy band (ei) corresponds to the zero-spin “singlet” state | 4 /i). Next band in 
energy scale, £2, is formed by degenerate states |4/2a) and which are spin-polarized in 
2: direction parallel to AFM vector Li with opposite spin values Sz = ±(1 + sin 2 '^)/ 2 . In 
equilibrium (M = 0 ) both states should be equally populated. The other states that form 
the upper bands £3 and £4 have analogous properties: 14/3) is spin-less, and |4/4a), |4/4fe) are 
spin-polarized. 

Obviously, in the case of spin-injection only the degenerate states |4/2a) , |4/2fe) and 
|'I'4a), |'I'4b) could be populated and thus can participate in spin transport. Moreover, in the 
system under consideration the Berry connection of nondegenerate states is proportional to 
the average spin (see Appendix B) and thus vanishes for | 4 /i) and Id's). If, in addition, s — d 
exchange coupling is rather strong {Jsd 3 > 7), the lower bands €1,62 are well separated from 
the upper ones £3,64, and the transport of spin-polarized electrons is restricted mainly to 
the second 62 band. 
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In what follows we assume that the Fermi level is situated in the vicinity of the degen¬ 
erate band and in the next section we consider the adiabatic spin dynamics related with 
tunneling between states |th 2 a) and |\t' 2 fe) in the AFM texture. 

C. Pseudospin and dynamic equations 

We follow the semiclassical approach^^’^^^^® to describe the effective electron dynamics in 
the degenerate band £ 2 - An individual electron is seen as a wave-packet 

|IF) = y dkp{k - kj [C, |^2a) + Cb 1^26)] , (12) 

where f dk |p(k — k^)|^ = kc is the center of mass momentum, (yV\ r |IF) = Yc is the center 
of mass position, \caf + \cbf = 1. We assume that the wave-packet (12) spreads small 
compared to the length-scale of AFM inhomogenuity. 

Coherent dynamics between the two subbands introduces an internal degree of freedom 
which we describe by the spinor (caCfe) or, equivalently, by the isospin vector 

C = {2Re(caCb), -2Im(ca4), |ca|^ - \Cbf} , (13) 

It is worth to menition that both the spinor and the normalized isospin vector C represent 
SU{2) group in 2-dimensional Hilbert space formed by the state vectors |d' 2 a) and |'F 2 fe)- 

Space-time dependence of the state vectors |'h 2 a) and |\k 26 ) stems exclusively from the 
rotation of the local spin quantization axis induced by variation of the AFM moments 
(Sj(t, Fc) or, equivalently, Li(f, r^), L 2 (t, r^), n(t, Fc)). It should be noted that the space 
dependence of Bloch functions \uj) is substantial only at the lengthscale of interatomic 
distances and thus is unimportant at the large-scale variations of the AFM order parameters. 
Since, in addition, we neglect spin-orbit interactions, rotation of the magnetic moments is 
decoupled from variation of the crystallographic axes and, correspondingly, spin and space- 
dependent states of the carriers are disentangled. 

As the local orientation of the AFM moments is unambiguously dehned by the rotation 
matrix 3fJ(«p) (see (3)), the state vector |\t' 2 a,fe(^"/i)) at a given point rp = (f, Fc) can be dehned 
by a SU{2) gauge unitary transformation corresponding to 0(3) rotation: 

U = cos -1 — i sin -Nct = —(1 — icpd") . (14) 

2 2 + 
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Thus, 


in 
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l>l'2W> = !/|'t2(i'J)> (15) 

where the reference state vectors |'h 2 (^"°)) and reference AFM vectors are taken i 

the same hxed point r°. The gauge is hxed by the choice of spin eigenstates at this point 
The vectors |T 2 a) and 1^2;,) also depend indirectly on quasi-wave-vector = (0, kc) 
through the coefficient ip [ 7 (kc)]. 

According to the general theory,the set of equations of motion for the dynamic variables 
Fc, kc and C can be written as follows (see Ref. 17 for the detailed derivation): 

(16) 


C = 2Cx + 


K = + C ( + W,tk 


fiiy 


r, = 9^52 - C RZr. + K:k 


kk I 


(17) 

(18) 


where the gauge potentials {A)), A^}, Berry connection A" = A"(t, and Berry curvatnres 
{a, /3 = r, k ) are introduced in a standard way as 

' ;T2a I dp'^2a) (^2a | ^“^ 20 ) 

[^2b I dp'^2a) {^2b \ 2b} 

Kt = - af A“ + 2Al X Al (20) 

Starting from equation (16) we drop the subscript c on Fc and kc. 




(19) 


III. ADIABATIC DYNAMICS 


A. Berry curvature and topology of AFM texture 


Before considering the possible dynamics of free electrons it is instructive to analyze 
the explicit expressions for the Berry connection and the Berry curvature in AFM texture. 
Calculations based on dehnitions (19), (20) (see Appendix B) show that the gauge potential 

AJ) = {if) [(1 -h sin 2i/>) - (1 - sin 2i/>) n (r2^n)], (21) 

and A^ = 0 in the absence of spin-orbit interactions.^^ Correspondingly, nontrivial compo¬ 
nents of the Berry curvature are the following 

R))0 = i (1 - sin 2ip) 3?“^ (c^) [2 (1 sin 2ip) x - (3 sin 2-?7) n (n ■ x fl ^)], 

1 


sin 2^3fJ-^ (v.) [n, + n (f7^n)]. 


( 22 ) 
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The multiplier 3?“^ ((^) (inverse rotation matrix) in (21), (22) results from the gauge covari¬ 
ance of the non-Abelian gauge helds. As we will see later, the same rotation relates the 
isospin to the real spin. 

Analysis of the relations (21), (22) shows that the gauge potentials prodnced by the AFM 
texture depend on the orientation of AFM vectors through the rotation vector 17^ which, 
in turn, is related to the dynamic magnetization Mdyn- The Berry curvature R" for free 
electron is proportional to the curvature x of the AFM 

texture'^^. In other words, the Berry curvature is intimately related with topological prop¬ 
erties of the space distribution of the localized moments. To give an example distribntion 
with the nontrivial curvature, we note that in elasticity theory 7 ^ 0 is called bend-twist 
tensor. So, one can imagine that in some toroidal area (see Figs.5,8) the orientation of AFM 
vectors is obtained by two rotations - one, around the in-plane axis tangent to the torus 
(twist with the rotation vector iff), and another, around the vertical torus axis (bend 
with the rotation vector (^ 2 )- The curvature vector 'iAxy = x in each point of the 
strncture is directed along the radius. This structure, through sd-exchange, forms a poten¬ 
tial with a Berry curvature Hfy oc K.xy and produces a “Lorentz-like” effective force for free 
spin-polarized electrons, as will be explained below. 

It is instrnctive to compare Expr. (21) describing a gauge potential in AFM with the 
analogous expression^^ for a ferromagnetic material with the magnetization vector m; 

A™ = — m X d^m = — (1 — m 0 m) (23) 

Although in ferromagnets the gauge transformation is applied to the real spin (not to 
isospin), and the gauge potential is Abelian, comparison of expressions (23) and (21) shows 
that np to the details related with peculariaties of electron hopping, geometric effects in 
FM and AFM are related with the “ dynamic” magnetization proportional to the angnlar 
velocity 17^. 

It is also worth to note the relation between the curvature and the topological 
properties of localized nonlinear magnetic strnctures: skyrmions, solitons, vortecies. For 
example, the topological charge of a two-dimensional (in the real space) skyrmion, that 
connts how many times the vector order parameter m(t, r) wraps aronnd the nnit sphere, is 
dehned as:^® 

1 f 

Q = — / m ■ ((9^m X dyULi—dyin x (9^m) dx^dxy. (24) 


12 




Figure 5. (Color online) Orbital dynamics of an electron in the AFM texture with nonzero curva¬ 
ture. Blue (shadowed) torus shows the area with twisted (vector ipi) and bended (vector 1 P 2 ) AFM 
vectors (three bounded arrows). Free spin-polarized (spin s) electron moving in this area with the 
group velocity v feels the effective force F, see text for details. 


With the use of the relations (3), (4), and (5) it can be easily shown that Q is proportional 
to the projection of the curvature vector onto the order parameter m averaged over 
space: 


Q = ^ j (m- X rty)dx^,dxy. (25) 

The relation (25) is applicable to any magnetic system with the vector order parameter: a 
ferromagnet, with m playing the role of magnetization vector, a collinear AFM, where m 
corresponds to the Neel vector. 

Topological charges of the three-dimensional structures with the vector order parameter 
are characterized with the Hopf’s invariant^®’‘^° which describes to S'^ map: 


H = 


IGtt^ 


dX £ jklm^j 


dVk dui dVrn 
dx^ dxy dx^ 


(26) 


where the four-component vector (i^, 1 ^ 4 ) is related with the Gibb’s vector cp = iz/^' 4 , z /4 = 
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cos 6^/2, and Ejkim are fully antisymmetric tensors. 

For the case of noncollinear AFMs an appropriate topological invariant is given by the 
expressions^^ 

which corresponds to to map. Three-dimensional AFM order parameter (formed by 
mutually orthogonal Li and L 2 vectors) is parametrized with the rotational tensor 
With the use of expressions (4) the topological invariant (27) can be expressed in terms of 
the rotation vectors flfj, as follows: 

Q = j X ^ 7 ) • (28) 

It can be easily seen that, in analogy with ferromagnets, the topological charge (28) is 
proportional to the projection of the curvature vector onto diraction of dynamics mag¬ 
netization 17^ seen by the free electron moving in direction. 

Note that the model “twist-bend” structure shown in Figs.5,8 can, in principle, have 
nonzero topological charge if the the AFM ordering outside the toroidal area is homoge¬ 
neous. In this case the structure is characterized with three nontrivial noncollienar rota¬ 
tional vectors: fii and 0,2 for twisting and bending and O 3 that describes smooth rotation 
of AFM vectors in the intermediate area between torus and inhnity. 

B. Free spin dynamics and gauge potential 

Let us consider a typical spintronic problem in which a nonequilibrium spin-polarized 
carrier is injected into an AFM. The question is: “Does the AFM medium affects the state 
of an electron? If it does, how could this effect be observed?” 

To begin with, we hnd the relation between the isospin vector C (which itself is not 
gauge invariant and depends upon the choice of the eigen functions |T 2 a), |4/26)) and the 
observable (and fully gauge invariant) spin s = (IF| & |IF). Direct calculations based on the 
states (8), (15) give rise to the following expression for spin vector: 

s(t, r) = ^ (1 -I- sin 2-^) [3fJ {ip) C] — (1 — sin 2-^) (3? ((^) C ■ n) n. (29) 

2 

Using normalization of the isospin, |C| = 1, we arrive at a relation between the spin of free 
carrier and the orientation of the plane formed by the localized spins and represented by the 
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Figure 6. (Color online) Isospin C (sphere) and real spin s (spheroid) in the local frame. 


vector n(t, r) (see Fig.6): 

(ns)^ 4 (n X s)^ 

sin^2'0 (l + sin2V')^ 


(30) 


Analysis of expression (30) shows that, like in the case of a collinear AFM^^ (see also 
Eq.(38)), spin polarizarion of the conduction electron depends upon the orientation of the 
AFM vectors. In a noncollinear AFM the vector s varies on an oblate spheroid (on a prolate 
in the collinear AFM), the short axis of which coincides with the plane normal. Like in 
the collinear case, < 1, which means that an electron is in a mixed spin state due to 
entanglement between the space and spin degrees of freedom. 

Equation for spin dynamics obtained from (29) with account of (16) and (21) (see Ap¬ 
pendix B for hints of the derivation) is similar to the Euler’s equation for rotation of a rigid 
body: 


s — X s = — sin 2i/jd x gs, 


(31) 
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where we introduced the tensor 


2 



and, as it was already noted, + fliVi. The second term on the l.h.s. of Eq. (31) 

originates from the rotation of the local frame associated with vectors Li, L 2 , n (for the 
constant isospin C). In analogy with Ref.33, it could be called “tracking” term because it 
reflects the tendency of the AFM lattice to drag the electron spin along with the time/space 
AFM motion. 

The r.h.s. describes the spin evolution in the local frame due to accumulation of a SU{2) 
non-Abelian Berry phase. Namely, spin vector rotates around the angular velocity fl being 
simultaneously bounded to the spheroid (30). Thus, Eq. (31) is the Bloch equation for spin 
precession in the effective magnetic field = — sin 2'ipgQ.. As fl is proportional to the 
dynamic magnetization Mdyn of he AFM layer, the origin of the effective magnetic field 
acting on free spins has the same nature as in ferromagnets.^^ 

It should be stressed that spin dynamics substantially depends upon the strength of sd- 
exchange coupling. In the limit Jgd —)■ 0 (which means that sin 2-^ —)■ 1), the electron spin 
coincides with the pseudospin C up to rotation 3fJ(c^) and s = 0. In the opposite case of 
extremely strong Jgd —t 00 (or, equvalently, sin 2-^ —)■ 0) the r.h.s. term in equation (31) 
vanishes. So, in the case of strong coupling between free and localized spins the free spin 
simply tracks orientation of the local frame in each point. 

Orbital dynamics of the wave-packet (12) is described by semiclassical equations obtained 
from (17), (18) with account of (31) as follows: 

b;. = <9^52+ ^<9^ In (1 +sin 2^7) s ■ (n ■ s) (n ■ 17) , (33) 

kf. = ■ 17^. (34) 

The spin-dependent addition to the group velocity in Eq. (33) is proportional to 0^62, 
because sin 2 'ip <9^7 0^62- So, coupling between the free and the localized spins in 
the rotated AFM texture results in “renormalization” of the effective electron mass. An 
analogous term, omitted in (34) for the sake of simplicity, appears also in the equation for 
acceleration (see Appendix B, Eq.(B7)). 

The nontrivial, spin-dependent term on the r.h.s of Eq. (34) is intimately related to the 
spin dynamics. It can also be represented in the form of a hctious Lorentz force with the 


16 



effective electric-like, and magnetic-like, components: 


kti — + Q -|- e^y^fyB^) , 

(35) 

qE^ = ^ [s ■ f7t X f7^-F sin ■ fit x 17^] , 

(36) 

qB(^ = [s ■ f7,, X fl^+ sin 2iljgs ■ fly x f7^] , 

(37) 


where, as above, is the antisymmetric Levi-Civita tensor. The corresponding effective 
“charge” q (held “source”) is proportional to the spin^^. 

Equations (35), (36), and (37) are similar to equations that describe an orbital motion 
of individual electron in a collinear AFM.^^ In both cases the gauge charge q depends upon 
the spin which, according to equation (31), shows its own dynamics and thus can vary in 
time. In both cases the gauge charge depends upon the sd-exchange constant (in our case, 
through the multiplier sin 2'ip) and vanishes when Jgd —t 0. 

The new feature demonstrated in this paper is certain universality of spin-dependent 
orbital dynamics in AFMs. Really, the dynamic equations of a collinear AFM ( Eqs.( 8 ) of 
Ref. 17) have practically the same form as equations (31), (33), and (34) of the present paper 
when written in terms of angular velocity L = 17 x L; 

s — 17 X s = —17 X ^s, ^ = i — l) L 0 L, (38) 

= -9^2 + laj In « [s ■ n- (L . s) (L . n)] , (39) 

h = - (40) 

where in the original notations, is the overlap of the wave functions analogous to sin 2 -^ 
of the present paper (see Eq.(lO)), and notations L is used for the Neel vector of collinear 
AFM. 

Thus, in AFMs with strong exchange couping between the magnetic sublattices the emer¬ 
gent Lorentz force (35) is dehned by the angular velocity fit (and hence, the dynamic mag¬ 
netization) and the AFM curvature fly x 17 ^, no matter how complicated or simple the 
magnetic structure is. The details of the structure (number of sublattices, dimensional¬ 
ity, type, mutual orientation) reveal themselves in a cumbersome presentation of the gauge 
charge, tensor g and spin ellipsoid: in a collinear AFM the anisotropy of these parameters 
is dictated by the easy-axis parallel to a single AFM vector, in the present case ~ by the 
easy-plane formed by two orthogonal Neel vectors. 
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The effective electric field (36) plays a role of a spin-dependent motive force (similar 
to that in FM, see Ref. 18). So, an oscillating {fit ^ 0) inhomogeneous {ft^ ^ 0) AFM 
structure can produce an electric current (or voltage) and thus can be observed by standard 
electric measurements. 

The effective magnetic field (37) is proportional to the projection of curvature fly x 
of the AFM texture on the free spin s. Direction of the latter correlates (and in the limit of 
strong sd-exchange couling, coincides) with the direction of ft and dynamic magnetization 
of the AFM. Thus, the flux of the emergent magnetic field is related with the topological 
charge of the AFMs distribution (see Eq. (28) where the curvature is projected on the 
direction of dynamic magnetization seen by the free electron). An analogous situation takes 
place in skyrmions where the flux of emergent magnetic held is associated with skyrmion 
number (i.e., topological charge).^® However, gauge effects in skyrmions and AFMs are 
principally different. Namely, a skyrmion can be treated as a ferromagnet with a complicated 
distribution of localized moments, and in adiabatic limit the spin of a conduction electron 
always tracks the local orientation of magnetization; gauge potential is Abelian; topological 
charge of skyrmion is related with chirality.In contrast, the AFM which we consider here 
has zero total static magnetization; complicated slowly varying magentic texture is locally 
formed by a proper number of AFM vectors attributed to same point; a conduction electron 
feels the local frame induced by magnetic moments but not the direction of magnetization 
itself. Nontrivial effect of geometric phase in absence of total magnetization is due to the 
degeneracy of states and resulting non-Abelian character of the gauge potential. 

The emergent magnetic held in adiabatic motion is usually associated with topological 
Hall ehect. On the other hand, most AFM structures are usually invariant with respect 
to time reversal symmetry and this forces Hall conductivities to vanish. Recently, it was 
demonstrated that noncollinear^° and frustrated"^^ AFMs can show anomalous Hall ehect 
that arises due to spin-orbit coupling. The origin of nonzero Hall conductivity in these 
materials is the Berry curvature in momentum space. In contrast, equation (35) (and the 
analogous equation for collinear AFM from Ref.T7) shows that Hall ehect can in principle 
be observed in compensated AFMs with negligible spin-orbit coupling. In this case the Hall 
conductivity originates from the Berry curvature in real space and, what is also important, 
is related with the curvature of the AFM texture. The required breaking of time-reversal 
symmetry results from the inhomogeneuity^^ and related dynamic magnetization M^yn fl 
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of AFM structure as was explained above. Following Ref. 12 this Hall effect should be called 
topological. 

Equations (31), (33), and (34) state the main result of this paper. They describe electron 
dynamics in a noncollinear AFM in terms of three observables (s, r, k). However, so far our 
treatment was quite general and abstract. To make physical meaning of the obtained results 
clearer, in the next Section I consider some special cases accessible for the experimental 
implementation. 

IV. EXAMPLES 

A. Travelling between AFM domains 

Let us start from the “canonical” example of an AFM texture - flat, one-dimensional 
domain wall separating two domains with different orientation of spin-ordering plane (see 
Fig.7). 

For the dehniteness I consider domains related by a rotation around the cubic axis through 
90° (corresponding rotation matrix is 3fJi2). Let us suppose that AFM him is connected to two 
ferromagnetic electrodes that can produce a spin-polarized current (with the spin vector Sq) 
in the in-plane geometry. The thickness of the AFM layer is smaller or comparable with the 
spin-coherence length (to exclude spin scattering processes), the thickness of the domain wall 
is much larger than the lattice constant (to validate the adiabatic approximation). Electric 
voltage applied to the system initiates an electron how between the ferromagnetic electrodes 
with an average constant velocity v directed along the domain wall normal (denoted as x 
axis). As the curvature of the hat domain wall is zero, the AFM texture ahects only the 

spin evolution described by Eq. (31) which can be rewritten in the following form: 

ds 

— = fl^x {s- sin 2iljgs ), (41) 

ax 

where the rotation vector has a hxed direction. It follows from Eq.(41) that after 
travelling through the domain wall vector s will change by the value As which consists 
of two part: rotation with the local AFM frame (due to the hrst term in parenthesis) and 
geometric phase rotation (the second term) over spheroid (30). In the case of strong exchange 
coupling (sin 2-^ 1) the hrst effect dominates. In this case 

As ^ 3fJi2So, (42) 
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Figure 7. (Color online) Probing the domain wall with the spin-polarized current. Two ferromag¬ 
netic electrodes, FMl and FM2, placed over the AFM film produce spin-polarized current in the 
in-plane geometry (upper panel). Two AFM domains 1 and 2 (lower panel) are related through 
the 90'^irc rotation. The spin of the electron e“ travelling through the domain wall tracks the local 
AFM structure and rotates (central panel). Misorientation between the free spin and the FM2 
magnetization contributes to magnetoresistance and can be detected. 


and the spin polarization can evolve by QO^irc, as shown in Fig. 7. If, then, the magneti¬ 
zation M 2 of the second FM2 electrode is varied by an external magnetic held (as, e.g., in 
experiments^®), magnetoresistance between the FM electrodes will also vary depending on 

(As-Ms). 


Tims, the AFM domain wall is a “spin-active” (in analogy with optically active) medinm. 
Spin rotation, qnantnm analogue of the Faraday rotation in optics, results from the compe¬ 
tition of two coherent spin states and could be observed by the electrical measurements. 
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B. Enveloping a soliton 


Equations (31) and (34) predict nontrivial spin-induced orbital dynamics in a curved 
AFM texture. As an example, let us consider spin-polarized electrons travelling through 
a region with the inhomogeneous distribution of AFM vectors obtained in the following 
way. Suppose, we start from the one-dimensional distribution of AFM vectors described 
by the Gibb’s vector ipi = tan ( 6 'i(.^)/ 2 ) (a ’’wire” with twisted AFM structure, Fig.Sa). 
Next, the ’’wire” is bended to make a ring, this corresponds to a rotation with Gibb’s 
vector (^2 = tan (02(0;, |/)/ 2 ) e^, where 92{x,y) = taia~^y/x (Fig. 8 b). The resulting rotation 
(^ = <^2 ° is a composition of twisting and bending: 


(43) 


The effective coordinate of the first rotation, ^ = y cos 62 — xsin 62 bends with the ’’wire”. 
Such a texture has a nonzero curvature parallel to the radial component : 


= n, X = -9^01 (0 sin 202^, (44) 

where r is the radial coordinate^®. 

Let us further assume that the hrst, unbended distribution ^i(.C) corresponds to a kink or 
two ”head-to-head” domain walls separating domains A and B. In this case 7 ^ 0 in 

the vicinity of the domain wall localization. For the dehnetness we assume that the domain 
walls are centered at ^2 = 7 J '/4 (domain wall between A and B) and 62 = 57 r /4 (domain wall 
between A and B, see Fig. 8 c). Obviously, 7 ^ 0 has opposite signs in these points. As 

a result, curvature 7 ^ 0 along the line x = y and has the same direction at all points. 

According to Eq. (37), AFM curvature produces hctious out-of plane magnetic held 


qBz = — dc9i(^) sin 26^2 [cr ■ s+ sin 2 -^e,.-^s]. 
2 r 


(45) 


So, spin-polarized electrons with s || K^xy travelling with constant velocity v T K 


xy 

7 


through the texture are exerted by the Lorentz force and dehect from the initial trajectory 
(see Fig. 8 c). 

As the curvature direction is constant, all equally polarized electrons will dehect in the 
same way thusdemonstrating a topological spin Hall ehect. So, such a texture can be probed 
with spin-polarized current. On the other hand, electrons with diherent spins are dehected 
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Figure 8. (Color online) Electron traveling in the neighborhood of an AFM soliton. a) “twisting” 
of an AFM structure (one dimensional rotation with the Gibb’s vector ^pi)] b) “bending” of twisted 
structure; c) spin-polarized electron moving with velocity v feels a Lorentz force at the points of 
maximal curvature (arrows). A and B symbolize different domains. 

in opposite directions, so, the texture can also work as a spin-separator. It should be stressed 
that the topological spin Hall effect can be modihed by spin-orbit interaction neglected in 
the present calculations. 


V. CONCLUSIONS 

In the present paper I consider the adiabatic dynamics of free electrons in AFM with 
triangular magnetic structure. I show that, in analogy with the collinear AFM,^^ the dy¬ 
namics of a real spin s is influenced by space/time variation of antiferromagnetically coupled 
vectors Sj{r,t). The main features of the electron behavior arising from accumulation of 
non-Abelian SU(2) Berry phase: precession of the electron spin around the dynamic AFM 
magnetization and spin-dependent orbital dynamics, - are similar in both cases. The hrst 
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effect is of pure geometric nature, as the homogeneous AFM has no uncompensated mag¬ 
netization and produces no magnetic held. The second effect is related with processes of 
spin-pumping and spin-transfer torque and thus experimentally observable. 

Similarity (up to the details) of free electron dynamics in the collinear and triangular 
ATMs gives the grounds to anticipate analogous effects in even more complicated AFM 
metals like FeMn which shows 3q structure described in terms of four magnetic sublattices. 

The described toy model can be applied to antiperovskites MnsMN (M=Ni, Ag, Zn) 
which show a noncollinear 120° magnetic structure and semiconducting type of conductivity 
(see, e.g. Ref.49). Although in this paper we appeal mainly to the perovskites MnsXN, 
the results obtained could be applied to the metallic AFM IrMns with the same triangular 
structure^®’®^ which is widely used in spintronics due to its high Neel temperature. 

The influence of the spin-related curvature on the orbital motion of free electron related 
with topological features of the system and thus is quite a general property. It can be used for 
detection of inhomogeneous distribution of magnetic systems like topological solitons and/or 
skyrmions recently observed in AFMs.^^ Adiabatic spin transport is a possible tool for study 
of AFM 2D and 3D textures induced by mechanical tilting through the flexomagnetic effect 
typical for triangular AFM structures.^® A system of triangular Ising spins realized with 
trapped ions®^ can also be also used as a playground for quantum simulation of non-Abelian 
SU(2) Berry-phase effects. 
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Appendix A: Hamiltonian diagonalization 

Hamiltonian (6) mixes all six wavefunctions \uj) |r),j = l,2,3,r =t 5 i- However, sym¬ 
metry considerations make it possible to simplify the diagonalization procedure which we 
describe in this section. 

First, we notice that if the quantization axis is taken in the local frame with z'j axis 
parallel to Sj, then, the sd-exchange-term is diagonal in the spin space: Sj&rT' = Sdjz'- 
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As the vectors Sj (and correspondingly local quantization axes) could be generated from 
the lab axis by rotations around the plane normal n it is convenient to introduce new 
creation/annihilation operators 



J = 1,2,3, 


(Al) 


where the unitary operators Uj = cos yl — i sin ynd" represent rotation through the angles 
= 0,02 = 27r/3, 03 = 47r/3. 

For further simplihcation we take the permutation symmetry of the magnetic sublattices^^ 
into account and introduce the following combinations of operators bjr 


->2t 


^3r 


6 . ^ [2blr 

isr = (ilT + & 2 t + b^r 




(A 2 ) 


that form irreducible representations of permutation group P 3 (isomorphic to C 3 rotation 
group which describes the exchange symmetry of the compound). 

Operators | 6 jv, satisfy the same anticommutation relations as Fermi- 

operators 

It is worth to mention that the operators |'Cir,C 2 r| belong to the same irreducible rep¬ 


resentation as the AFM vectors {Li,L 2 }, and operator has the same transformation 

properties as magnetization vector M (see equation (2)). 

As it was already mentioned, in the AFM ground state M = 0, Li±L 2 -Ln, |Li| = IL 2 I = 
We take the quantization axis for free spins parallel to Li. 

Taking account of transformations (Al), (A2) the hamiltonian ( 6 ) takes a form 

H (r, i) = -J.,S («jAt - T«Ji) + 7(k) [zAla, - ({111, + (IM, 

j 

+ 3 + ^2t^U “ ^24.^11 ~ ^ 

which now can be easily diagonalized. 


(A3) 


Appendix B: Berry connection, Berry curvature and dynamics equations 

To simplify the calculation of the Berry connection (19) we note that i) time/space 
dependence of the state vectors |T 2 a(^"/i)), |'h 2 fe(^"At)) stems from the rotation of the spin 
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quantization axis; ii) rotation of the local frame (unit vectors ek{r^), k = x,y,z) can be 
equivalently represented in terms of the rotation matrix (3): ek{r^) = 3fJ(cp)e° or related 
unitary matrix U (14); e = Ue^&W, where is taken at some reference point r°. The 
same matrix U dehnes transformation (15) of state the vectors |'h 2 (r^)). An analogous 
procedure was proposed in Ref. 54. So, the Berry connection can be expressed as 










where we introduced the matrix A,, = U^d'^,U. Direct calculations show that 

l-i 

K = (B2) 

and 

= Q sin ^ (1 - sin 2^/>) no x x <t. (B3) 

From (B3) after some simple math one gets expr. (21). 

It is obvious from relations (Bl), (B2) that the singlet states with zero spin do not 
contribute to the Berry connection. 

The spin vector s{t, r) = (tel <t Ira) is calculated in a similar way with the help of matrix 
E = W&U = 3fJ(<p)e°(ffc, explicit relation being 

s(t,r) =^{(p) sin2-^C + ^ (1 — sin2-^) no X (C X no) . (B4) 

Using the relation n = 3fJ(c^)no between the vectors in the local and reference frame one 
gets expression (29) from (B4). 

Equation (B4) is easily inverted in order to express the isospin C through the real spin 
as follows: 


1 + sin 2 ip 


3f? s(f,r) + 


1 — sin 2 ip 
2 sin2^/> 


Substituting relation (B5) into the normalization condition |C|^ = 1 one gets equation 
(30) for spheroid. 

The Berry curvatures (22) are calculated by differentiation of (B3) with account of two 
general relations: 


gfj((^) = r2x3fJ((^) and <9017^ — x fl 
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Dynamic equation (31) for the spin is obtained by differentiation of the expression (29) 
with the use of relations (B6), (16) and (B5). 

The complete equation for acceleration has the following form: 


= 


-a>2 - -s ■ a 


^fc^(9^1n(l + sin2^/>) 


s ■ 


sin 2'ip 


(ns) (nfi^ 
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